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Abstract In this contribution a method for mathematically modelling clusterized
nuclear matter shapes is presented. To describe shapes each cluster surface is consid-
ered as a function of spherical coordinates (r, θ, φ) on the unit sphere. We present
an efficient approach to describe this shape function by the coefficients of a spher-
ical harmonics expansion. Any (square-integrable) function on the unit sphere can
be expanded in this manner and therefore the same methodology can be applied to
enhance the description by including other observable properties such as the moment
of inertia and root mean square radius of nuclear clusters.

Keywords Spherical harmonics · Shapes · Neutron rich matter · Neutron stars

1 Introduction

Compact astronomical objects such as neutron stars are believed to be composed of
neutron rich matter. Their internal structure is supposed to be layered with decreasing
density as stellar radius increases. In one of the outer layers, the crust, non-uniformities
form in neutron rich matter due to the competition among long range Coulomb and
short range strong interaction. This type of clusterized neutron rich matter is known
generically with the name of pasta [1,2]. This layer constitutes less than 10 % of the
mass of a typical neutron star with M ≈ 1.5Msun and R ≈ 10−5 Rsun, however, it is cru-
cial in the dynamics and later evolution after the early neutrino cooling stage. Neutrinos
are produced in vast quantities and are responsible for the deleptonization of the star
from the hot lepton rich object originating in the aftermath of a Supernova explosion.
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It has been shown elsewhere [3] that the formation of clustered structures greatly
enhance the neutrino opacities since the neutrino can coherently scatter the aggregates
of nuclear matter. Then, in an analogous way to the coherent scattering of light from
a periodic array, the resulting intensity can be characterized by a structure function,
S(k), where k = 2π

λ
is the typical momentum associated to the photon wavelength λ

of the incoming light. Then the enhanced response effects due to incoming neutrinos
scattering off clusters in this low density stellar region can be obtained.

The structural properties of this type of matter can be studied using many-body tech-
niques that allow the inclusion of nuclear correlations beyond first order. Effective field
theories [4] using hadronic fields either in the mean field or random phase approxima-
tion have provided satisfactory descriptions of a large set of nuclei. Other approaches,
like Monte Carlo [5], classical molecular dynamics [6] in combination with adaptive
integrators [7] or the antisymmetrized molecular dynamics [8] are also well suited for
describing these interacting hadronic systems. In particular, finite nuclear systems such
as medium mass nuclei have been described well using these approaches [9,10]. In this
type of treatments it is assumed that nucleons (protons and neutrons) are classical par-
ticles and their dynamics are governed by a given Hamiltonian depending on positions
and momenta of the interacting particles at a given density, ρ, and temperature, T .

The structure of this manuscript is as follows. In Sect. 2 we briefly describe the
interaction model used in our simulations of neutron rich matter. In Sect. 3 we present
some simulation results and conclude.

2 Interaction model

We model a charge-neutral system of protons (Z ), neutrons (N ) and a background
of electrons. The electrons are assumed to be a degenerate free Fermi gas of density
equal to that of protons, ρe =ρp. In this semiclassical approach nucleons interact via
an effective potential. Temperature should be considered as a parameter to somewhat
simulate zero-point motion of the fermionic sector. The Hamiltonian describing the
interaction of the nuclear system of A nucleons consists of kinetic and potential terms
and reads,

H =
A∑

i=1

p2
i

2m
+ Vtot , (1)

The total potential energy, Vtot, is assumed to be a sum over two-body interactions
V (i, j) of the following form

Vtot =
A∑

i< j=1

V (i, j) , (2)

where the “elementary” two-body interaction is given by

V (i, j) = ae−r2
i j /� + [

b + cτz(i)τz( j)
]

e−r2
i j /2� + Vc(i, j) . (3)
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Here the distance between the i th and j th particles is denoted by ri j = |ri −r j | and
the isospin of the j th particle is τz( j)= 1 for a proton and τz( j)=−1 for a neutron.
The model parameters a, b, c, and � in the two-body interaction Eq. (3) were adjusted
in Ref. [2] to reproduce the saturation density and binding energy per nucleon of
symmetric nuclear matter, the binding energy per nucleon of neutron matter at satura-
tion density, and binding energy of a few selected finite nuclei. The temperature was
arbitrarily fixed at 1 MeV for all these calculations. The parameter set in the potential
employed in these calculations is a = 110, b = −26, c = 24 MeV and � = 1.25 fm2.

This interaction, even if simplified, includes the characteristic intermediate range
attraction and short-range repulsion of the nucleon–nucleon (N N ) force. Finally, a
screened Coulomb interaction of the following form is included

Vc(i, j) = e2

ri j
e−ri j /λτp(i)τp( j) , (4)

where e is the electron charge and τp( j)=(1+τz( j))/2 and λ is the screening length
that results from the slight polarization of the electron gas. That is, the relativistic

Thomas-Fermi screening length is given by λ = π
e

(
kF

√
k2

F + m2
e

)−1/2

. Note that

the electron Fermi momentum has been defined by kF = (3π2ρe)
1/3 and me is the

electron mass.
At the low densities of interest in this work (1011 − 1013 g/cm3) we would like to

explore a set of observables that we now list

– Moment of inertia
The moment of inertia can be defined generically as a tensor, Ii j , whose compo-
nents (i, j = 1, . . . , 3) for a body composed of Ac particles of mass mk are,

Ii j =
Ac∑

k=1

mk

(
rk

2δi j − xki xk j

)
(5)

This observable is related to the quadrupole moment that can be experimentally
measured for some isotopic chains like, for example, that or carbon [11]

– Volume
The volume of the cluster can be obtained as an integration over the solid angle

V =
∫

1

3
r3(θ, φ)d
 (6)

– Surface area
For a “star-like” cluster where each ray from the center of mass aims to only one
point on the surface. The area can be obtained as an integral over the differential
surface element

S =
∫

r
[
r2
φ + r2

θ sin2(θ) + r2sin2(θ)
]1/2

dφdθ (7)

where rφ,θ are partial derivatives of r with respect to φ, θ .
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A further measure of experimentally accessible nuclei can be obtained using an
averaged spherical size using the root mean square (RMS) radius for clusters com-
posed each of Ac = Ac

p + Ac
n nucleons. For neutrons the RMS radius, 〈r2

n 〉1/2, and
for protons, 〈r2

p〉1/2, can be expressed in the following way

〈r2
p,n〉1/2 =

⎡

⎣ 1

Ac
p,n

Ac
p,n∑

i=1

3∑

j=1

(xi j )
2
p,n

⎤

⎦
1/2

(8)

Then, for nuclei where there is a neutron excess (N > Z ) we can define a neutron
skin as the difference of the neutron and proton RMS radius

rN S =
〈
r2

n

〉1/2 −
〈
r2

p

〉1/2
(9)

In order to characterize the shape of the clusters we can describe the divergence from
the spherical shape of the nuclear aggregates that arise from the frustrated system if
we consider an orthonormal set of spherical harmonic functions [12], Ylm(θ, φ), with
−l ≤ m ≤ l. The spherical angles θ and φ plus the radius, r , are the coordinates
required to map any point on the surface of a sphere, S2. As usual the spherical har-
monics are orthogonal for different l and m, and they are normalized so that their
integrated square over the sphere is unity. We use the fact that the spherical harmonics
are associated to the Legendre polynomials and can write,

Yl,m(θ, φ) =
√

(2l + 1)(l − m)!
4π(l + m)! Pm

l (cos θ)eimφ (10)

We can expand the cluster shape

r(θ, φ) =
∞∑

l=0

l∑

m=−l

almYl,m (11)

The expansion coefficient, alm , can be obtained by multiplying the above equation
by the complex spherical harmonic, Y ∗

l,m , and integrating over the solid angle. The
coefficients can be written as

alm =
∫

r(θ, φ)Y ∗
l,m(θ, φ)d
 (12)

Choosing each angle to correspond to the points of a Gaussian quadrature the eval-
uation of these integrals is straightforward. A set of coefficients, once determined,
then serve as a complete mathematical characterization of the aggregate of particles.
Many properties of the shape can be computed once the spherical harmonic expansion
is known. These include volume, surface area, curvature and the moment of iner-
tia tensor, as before mentioned. These coefficients are unique and can, therefore, be
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used directly as a feature vector for describing the shape. In this manner, a spectral
decomposition of any (square-integrable) function may be carried out. Examples where
similar techniques have been applied include characterization of protein folding [13]
in the bioinformatics field and existence of cement aggregates in construction [14]
relevant to engineering.

3 Simulation results

The simulations are carried out in the N V T ensamble with a fixed number of particles
A. The volume V at a fixed baryon density ρ is simply V = A/ρ. In the computer
simulation we initially place the finite nuclear system under study, initially distributed
uniformly inside a cubic box of volume V = L3. We fix temperature at T = 1 MeV in
order to somewhat simulate quantum motion proper of fermions. Then we allow par-
ticles to interact according to the Hamiltonian described in the previous section. Once
the thermalized stable clustered configurations are obtained, we statistically sample
the system for the averaged structure properties of interest. To minimize finite-size
effects we use periodic boundary conditions.

In Fig. 1 we can see a typical clustered configuration arising from our simulations.
This particular sample has been obtained at T = 1 MeV, ρ = 0.016 fm−3 and a lepton
fraction Ye = 0.2. A typical representative cluster has Ac = 120 and Ac

n = 85. In
Fig. 2 we can see the moment of inertia tensor components for a representative cluster
arising from the configuration shown in Fig. 1 versus the number of spherical har-
monics used in the expansion, n. The cluster shape is somewhat prolate I33 > I11. For
expansions using n > 20 there is a rapid convergence. Smaller crossed components
for the moment of inertia tensor show departure from ellipsoidal shape. Nucleon mass
has been set to m = 1. In Fig. 3 we plot volume and surface area for a representative
cluster arising from the configuration shown in Fig. 1, versus n. We have chosen a
Gaussian quadrature of 100 points. We can associate an average spherical matter radius

Fig. 1 Typical pasta structures
arising in our nuclear simulation
at T = 1 MeV, ρ = 0.016 fm−3

and Ye = 0.2
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Fig. 2 Moment of inertia tensor
components for a typical cluster
in the configuration of Fig. 1.
Mass of nucleons is set m = 1
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Fig. 3 Volume and surface area
of a typical cluster in the
configuration of Fig. 1
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of r ≈ 5 fm. The liquid drop formula gives an estimate R = 1.1[Ac]1/3 ≈ 5.4 fm.
As clearly seen, rapid stabilization occurs for n > 20. Further work is necessary to
characterize the density and temperature dependence as the cluster shape changes and
the relevance to neutrino opacities. It will be published elsewhere. Parametrization in
terms of structure functions [2] has allowed some preliminary study of these effects.

To conclude we have presented a method to analyze the shape of clusters arising
in low density neutron rich matter present in the crust of neutron stars. The surface
of the nuclear cluster is treated as a (single-valued) function of the spherical coor-
dinates, (r, θ, φ) , that can then be expanded in a linear combination of spherical
harmonics. The use of spherical designs for the integration provides a robust, fast
and elegant approach for the determination of the expansion coefficients and, in turn,
the observables available from them can be computed to gain insight int their further
thermodynamical dependence.
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